An attempt is made to characterize the socio-economic state and the temporal evolution of countries by the use of labor force distribution data on a multidimensional phase plot so that the development of a country is represented by an evolutionary track of a phase point. The evolutionary tracks of several countries are examined, and the phase points of many countries are compared. Snowflake diagrams, which make easy comparison of the socioeconomic character of various countries, have also been developed.
It has become fashionable to make numerical projections about the future social and economic course of various nations and of the world. Since it is difficult to disengage the future from the present and the past, we have decided that there is some merit in searching for terse quantitative ways of exhibiting the evolution of various countries and examining their similarities and differences. Eventually, one might like to construct mathematical models and equations to describe this evolution. One could, of course, construct multidimensional curves or surfaces to exhibit the relation between important variables, but it is usually more convenient to represent data on a plane, if possible.
One way of characterizing a country is through the productive activities of its population, i.e., the distribution of its labor force among various significant pursuits. Since most countries were predominantly argicultural 150 years ago, we start with a two-state classification of labor as being either agricultural or nonagricultural.
As industry developed, other modes of labor activity became more important. First they became directed toward manufacturing, then somewhat toward trade, and finally toward service. It is often said that the United States started as an agricultural nation, evolved into a manufacturing one, and is now becoming a service-oriented country. One aim of this note is to show in a quantitative way how this has happened and how it might be reported graphically, and, at the same time, to compare development of the U.S. with that of other countries.
If, on an appropriate diagram, one represented each of several countries at a given time by a point, it would be interesting to see whether the points clustered around some specific trajectory or if they were distributed randomly or perhaps had different evolutionary tracks. We have chosen our characterization in preference to other possible ones, such as amounts of money spent on various types of activities, since the labor force data of many countries was more readily available to us. Our mode of plotting will be one in which the variation of four variables is expressed simultaneously on a planar diagram.
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A precedent for the desire to exhibit data to elucidate a complex situation existed in the field of astrophysics at the turn of the century. By that time considerable information on the mass and luminosity of stars had accumulated. One of the most important constructs for the development of astrophysics was the Russell-Hertzsprung diagram which, in an empirical way, assigned a point to every star in a mass-luminosity space. A remarkable consequence of this assignment was that a large fraction of stars clustered around a straight line, which is now called the Main Sequence; a small group of stars were found together in a region now identified as White Dwarfs, and another cluster appeared in a region designated as Red Giants. These plots inspired the development of a model of stellar interiors and stellar evolution. The agreement between theory and observation has given confidence in these models.
In organizing the main body of this paper we have been somewhat motivated by the spirit of the Russell-Hertzsprung diagram.
Replacement of agricultural by nonagricultural activity Over the years there has been a replacement of agricultural by nonagricultural activities. A commonly used model for growth of a population, N(t), to saturation, 0, is the Verhulst equation: dN/dt = kN [1 - In Fig. 1 we have plotted f/(1 -f) as a function of time on semilogarithm paper, f being the fraction of the labor force in nonagricultural pursuits. It is remarkable that from the inception of the industrial revolution in the United States, circa 1840, the curve remained linear for about 100 years. The data were obtained from the U.S. Census Abstract (2, 3). We know that the great depression, World War II, and the postwar expansion initiated strong, new social forces that changed life in the U.S. since the 1930s. One of the effects of these forces, as indicated in Fig. 1 , seems to be a marked transition from agricultural to nonagricultural activity over that expected from the logistic curve solution of the Verhulst equation. One reason for the accelerated movement away from agriculture in the U.S. during World War II was the drafting of farmers for military service, while at the same time there was a demand for a higher agricultural productivity to feed a larger part of the world. This accelerated the introduction of improved agricultural technology so that the postwar demand for agricultural workers was considerably diminished.
The Swedish data in Fig. 1 parallels the U.S. data with essentially the same slope during the period from about 1860 to about 1960, even to the extent that a deviation from the logistic curve starts in the 1940s. While Sweden was not a combatant in World War II, its industries grew rapidly in response to orders from combatants. The raw Swedish data were taken from the book of D. W. Thomas (4) and The Statistical Abstract of Sweden (5) .
In the next section we examine the distribution of the labor force in more detail by dividing it into four categories as follows: agriculture, trade, manufacturing, and service.
Evolution of labor force distribution
While the flow of people from agricultural to nonagricultural employment is interesting and important, it is still desirable to characterize a country by more than the fraction of its population engaged in agricultural pursuits. The description is refined by considering n possible categories of employment of individuals which are chosen to exhaust the entire employed population. Let fj represent the fraction of the population employed in category j. Then a "phase" point that might be used to define the nature of the country is the point (ff2. . fn) in an n-dimensional Euclidian space.
Since such an n-dimensional space is difficult to visualize, we consider an alternative two-dimensional representation of the phase point. Construct n rays emanating from the origin of a two-dimensional rectangular coordinate system, and let successive rays form an angle of 2-r/n between them. A ray is then assigned to each category, and the length of the jth ray is chosen to be!f. If a polygon is formed by connecting the ends of successive rays, one has a "snow-flake" representation of the labor force distribution of a country. One might expect Abstraction of the socio-economic history of the U.S., Sweden (4, 5) , and the United Kingdom (U.K.) (7), as represented by the division of labor force on a four-variable phase plot. Labor force distribution data from census handbooks can be expressed as fractions in each of the four categories plotted. If the four points representing these fractions were plotted on the appropriate axes for a given year, then the plotted phase point is the centroid and the ellipse is the second moments ellipse. The U.S. data were taken from Table D-57-71 of ref. 2 with all extractive activities (agriculture, forestry, fishing, and mining taken as agriculture; manufacturing and construction joined as manufacturing; transport, public utilities, trade, finance, and real estate taken as trade; and, education, professional services, domestic and personnel service, and government service combined as service.) U.S. and U.K. data represent number of laborers, while the Swedish data represent total number of members of families whose breadwinners are in the various labor categories. countries with similar snowflake representations to be similar. Polar-ray diagrams were used very effectively by Roger Williams (6) to depict large numbers of biological characteristics of humans. Typical snowflake diagrams are shown later in Fig. 6 .
The simplest abstraction of a country is its representation by a point defined by the center of mass of the snowflake, i.e., the point whose x and y coordinates are, respectively,
The abstraction of the time development of a country would then be the trajectory generated by variation of (tg) with time.
The social history of the U.S. during the past 120 years is abstracted in Fig. 2 Let us consider the correlation matrix defined by
The representative ellipse is determined by its semi-axes and the angle its major axis makes with the horizontal. The matrix C, being real and symmetric, can be diagonalized by an orthogonal matrix Q such that If we let the X's be the semi-axes and 0 the rotation angle, the time variation of the second moment ellipse corresponding to the labor force snowflake of the U.S. is given in Fig. 2 same importance. The fact that the major axis of the ellipse is vertical means that combined trade and service are large compared with manufacturing and agriculture. The reverse was true in 1850 when the predominance of agriculture and manufacturing outweighed the influence of trade and service, leading to the major axis being parallel to the x-axis.
Since the phase plot is in terms of four variables, whose sum is unity, the totality of information is exhausted by the location of the phase point and the second moments of the snowflake distribution. If the phase plot were made in terms of more variables, calculation of higher moments would be desirable to exhaust all the information.
The trajectory of Sweden is also given in Fig. 2 . Sweden was chosen for special consideration because its census figures, extending back to 1751, are among the oldest of the major countries. Notice that during the second half of the eighteenth century the phase points are clustered in the same range far out on the agricultural axis. As can be seen, the industrial revolution hit Sweden about 1860. The leap toward manufacturing was greater than in any other decade. The curve generally follows that of the U.S. In view of the similarity of the trajectories of these two countries, it is of interest to see if they are representative of the main sequence for national development in general.
In Fig. 3 we have plotted the phase points for 20 countries around 1935. The best curve through these points is quite close to the trajectories of the U.S. and Sweden. This curve might be considered to be the main sequence for development. In addition, we have plotted for several countries (Fig. 4) the change in the position of the phase point that occurred in the interval from about (1945) (1946) (1947) (1948) (1949) (1950) ) to about (1957) (1958) (1959) (1960) (1961) (1962) (1963) . The sweep of the vectors plotted is along the same main sequence trajectory. The large displacement vectors of countries such as France, Germany, Japan, and the Netherlands represent the great postwar reconstruction and development. Our neglect of the new African nations is a consequence of the lack of adequate data.
The phase diagram for Great Britain is given in Fig. 2 . Since the British refused to allow themselves to be counted and categorized until 1841, there is no early date that indicates the primitive stages of the trend from agriculture through the industrial revolution. However, it is clear from the figure that by 1841 most of Great Britain was occupied in manufacturing, with trade dominated by service. No other country reached the stage of development of England of 1841 until the turn of the century. By 1841 Britain was already importing a significant fraction of its foodstuff, and its domestic agriculture was already in an advanced stage.
Those familar with the Russell-Herzsprung diagram will wonder whether there are any countries that might be called Red Giants or White Dwarfs. Neither the Soviet Union nor the Chinese Democratic Republic are in an anomolous position far from the main sequence. However, Monaco may be considered to be the White Dwarf, which may give us a hint as to the direction in which many highly developed countries may proceed. Most of the labor force in Monaco is involved with service activities associated with gambling and tourism. If we interpret insurance, social security, legalized lotteries, Department of Defense, etc., also as gambling organizations constantly making bets, we too are becoming a highly service- The phase points and ellipses are constructed as described in Fig. 2 . The influence of the 1918 influenza epidemic is exhibited through the backward motion of the points for 1916-1917 and 1918 . While public health measures in the early 1900s started to diminish deaths due to infectious diseases, the trend became reversed in the period 1915-1916. This can be interpreted as an indicator for the existence of a virulent new form of an infectious disease that took 2 years to blossom into its full strength and another 3 years to lose its force. Data were taken from ref. 3. orientated society, and our trajectory may be tending toward that of Monaco. Furthermore, in the U.S. fewer and fewer people are required for increasing productivity in either manufacturing or agriculture. Countries in the agricultural phase may remain there for very long periods of time but, if sufficiently large, once they emerge they move along the main sequence fairly rapidly. Fig. 5 is a schematic diagram of the main sequence representing the trajectory of phase points. Also shown is the agricultural source from which all countries originally emerged and the service sink into which all countries may eventually submerge. In the future, if our descendants plot the development of their world they will have a new set of state variables, one of which will probably be production plus distribution, and the others an appropriate set of service variables. On their graph the phase point for the U.S. would hover around the production-distribution axis just as countries do on the agricultural axis in our graph before the industrial revolution starts; then they will take off when the service revolution begins. We are now seeking a mathematical model that will lead to diagrams similar to that in Fig. 5 .
Snowflake diagrams and remarks
A more detailed comparison of the character of countries in similar stages of development can be made through snowflake diagrams with more than four state variables. We find that countries can be conveniently categorized by the geometrical appearance of this type of diagram. In Fig. 6 , we show several snowflake diagrams with 6 axes representing agriculture, transportation, commerce, manufacturing, service, and construction. The variables in these diagrams represent fractions of the total labor force, so that the diagrams are all scaled in the same way. If one follows the sequence of diagrams, one sees the change in appearance as the country evolves from agriculture to a more industrialized state.
The diagrams are almost self-explanatory, with those representing countries in the agricultural phase being horizontal "needles," while those in a more industrial phase tending to become squares. With this type of representation it is easy to recognize similarities in countries at the same stage of development.
One might wish to examine data on other situations involving people, e.g., changes in distribution of causes of death as medical technology evolves. Diagrams can be developed to show how principal causes of death have shifted from the communicable diseases to cardiovascular disease, cancer, etc. In fact, preliminary diagrams have been constructed. The evolutionary track in the United States (Fig. 7) moves from contagious diseases toward the cardiovascular diseases and cancer axes.
We believe that many of the ideas presented in this paper can be applied to various topics such as these, as well as to analyses of trends in accidents, mechanical failures, and even perhaps to social manifestations exemplified by changes in political parties, federal budgets, the character of cities, and the manner in which a population spends its money.
